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Abstract:  

• The proliferation of gliomas, common brain tumors, is given by two main mechanisms, invasiveness 

and proliferative growth. It can be mathematical described by a reaction-diffusion equation.  

• The long term expansion of the tumor can be simulated as a traveling wave. 
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Introduction: medical data 
 Gliomas arise from the supporting glial cells of the brain or their precursors and have 

100% fatality rate within approximately one year, even after extensive surgery, 
radiotherapy and chemotherapy.  

 They are almost impossible to cure because  they  grow and invade extensively 
before the patient notes any symptoms. Depending on their location on the brain, 
the tumors can be observed from a radius of 2 cm and become fatal at  6 cm (“fatal 
tumor burden”). 

 Gliomas grow with a constant radial velocity from 2 mm/year (low-grade gliomas) till 
ten times bigger (fast-grade gliomas). 

Glioma (in red) pressing on the cerebral ventricles (in blue)  



Presentation in the SEENET MTP Meeting, September 2022 

Hypothesis for a mathematical model 

The mathematical models aim to describe the growth of glioma, predict the 
life expectation time and are based on the following facts:  
 
 Two growth parameters are chosen: "Volume doubling time" and 

“Variation of the density of infected cells”,   
 The growth of gliomas is given by the superposition of two phenomena: 
      - Proliferation, when the cells are stationary and multiply by repeated  
divisions, and 
      - Motility or diffusion, consisting in a migration ("invasion") of the infected 
cells into the surrounding normal brain. 
 The expansion process of the tumor's edges is assimilated with the 

propagation of a traveling wave. 
 The cell diffusion follows the classical Fick law, while the growth due to the 

cell proliferation  is linear. 
 Gliomas can develop in a limited volume, metastasizing inside the brain. 



Presentation in the SEENET MTP Meeting, September 2022 

 

Models on the gliomas’ growth 

I. Static models 

 Are based on the models used for describing the metastases in the lungs. 
 Do not consider the motility (diffusion of the cells) and describe the glioma 

growth on the base of an exponential law: 
tρeUtuu 0=)(=

II. Dynamical models with homogeneous tissue 

 They are known as static models because the volume-doubling time is constant. 

 Clinical studies show difference between the times involved in the kinetics:  
      hours to a few days for diffusion, days and even months for proliferation.  
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Remarks on dynamical models with 
homogeneous tissue 

1) The brain tissue is considered as homogenous, the tumor is uni-focal, with a 
spherical symmetric growing.  

2) If we denote by x  the radial direction, we have that: 
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3)  Measurements lead to the idea that the expansion velocity  is constant: 

Aρv 2=

4) The linear radial growth of tumor determines a cubic growth of the volume and 
the volume-doubling time is not constant. 
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Models with heterogeneity and anisotropy 

 The RMN investigations show that glioma cells migrate more quickly along 
blood vessels and fiber tracts. The brain has white and grey zones, with greater 
respectively smaller motilities. 

 In the first instance, two different constants were considered as diffusion 
coefficients for the two zones. 

 Later on the heterogeneity and anisotropy of the brain were included by 
switching to a model with variable coefficients: 
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 More elaborated models take into consideration what is happening during 
the tumor's treatment, by surgery, chemotherapy or radiotherapy: 
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A general reaction-diffusion equation 

 The previous equation can be seen as a general diffusion-reaction equation: 
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 This equation  accepts traveling wave solutions that can be obtained by 
passing to the "wave variable“: 
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 The equation from above is an Abel equation of the second kind and it is not 
integrable for arbitrary coefficients . Some traveling waves in parametric 
form can be found.  
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Glioma's waves through the attached flow 
method 
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Ideas on the attached flow method 

It can be written as an Abel equation with a change of variable of the form: 

)()(=)( uhufuE

The equation to be solved becomes a first order equation with two 
unknown variables: 
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To avoid solving the Abel equation, the attached flow method proposes 
a forced decomposition of the reaction term: 

The attached flow method aims to solve an equation of the form: 

u′=f(u) 

This equation was solved in the cited paper by using special graduation rules.  
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Gliomas’ growth through the functional  
expansion method 
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Explicit solutions through the functional  
expansion method 

We look for solutions of the wave propagation equation of the form:  

as functions of the solutions of the Riccati equation. The explicit 
solution that we found for gliomas growth is: 

442

4

22

2 ))(exp(
4

3
+))(exp(= αξCPαξCPu

ααi νPPPPPkβconstCP 2
1

031

2

24
3

44

1 =,0=,0=,0=,=,=,0=,=, 2

The graphical representation of the solution for the choice of parameters 
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Conclusions 

•The high invasiveness of glioma is the result of two distinct phenomena: 
         Diffusion of the infected cells, and 
         Proliferation of the static cells by division. 
The diffusion-reaction equations are adequate for describing the growth of the tumor. 
• Computer Tomograph and Magnetic Resonance Techniques show that, at a long time 
scale, the proliferation and invasion of the tumor can be compared to the propagation 
of traveling waves in inhomogeneous and non-isotropic media. 
• The main mathematical difficulty in the direct solving of the corresponding diffusion-
reaction equations is related to the fact that they lead to Abel equations. 
• Specific techniques as functional expansion and attached flow from the dynamical 
systems theory allow finding and classifying traveling wave solutions of nonlinear 
PDEs. 
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